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Abstract 

We spell out the derivation of novel features, put forward earlier in a letter, of two 
dimensional gravity in the strong coupling regime, at Cl — 7, 13, 19. Within the oper- 
ator approach previously developed, they neatly follow from the appearence of a new 
cosmological term/marginal operator, different from the standard weak-coupling one, 
that determines the world sheet interaction. The corresponding string susceptibility 
is obtained and found real contrary to the continuation of the KPZ formula. Strongly 
coupled (topological like) models — only involving zero-mode degrees of freedom — are 
solved up to sixth order, using the ward identities which follow from the dependence 
upon the new cosmological constant. They are technically similar to the weakly cou- 
pled ones, which reproduce the matrix model results, but gravity and matter quantum 
numbers are entangled differently. 



^Unitc Propre du Centre National de la Recherche Scientifique, associee a I'Ecole Normale 
Superieure et a I'Universite de Paris-Sud. 



1 Introduction 



The truncation of the chiral operator algebra at Cl = 7, 13, 19 seems to be the key 
to the strong couphng regime of two dimensional gravity^. After the first hints 0], 
the trucations theorems were proven at the level of primaries (for half integer spins) 
in ref.0, the final complete proof being given in a recent paper of ours[Q. In ref.|p, 
and in the present article, we analyse further the physics of these theories and begin 
solving the topological models proposed in ref. 0], where gravity is in the strong 
coupling regime. 

In the strong coupling regime, the screening charges are complex, so that the 
dimensions of primaries are not real in general. These truncation theorems express 
the fact that, nevertheless, at the special values of Cl the operator algebra of the 
chiral intertwinors — that appear as chiral components of the powers of the Liou- 
ville exponentials — has a consistent restriction to Verma modules with real Virasoro 
highest weights. Thus one is led to consider that strongly coupled two dimensional 
gravity should be expressible entirely in terms of the corresponding chiral compo- 
nents. This brings in drastic changes with respect to the weakly coupled regime. 
It rules out the Liouville exponentials, which are the well known local fields of the 
present description of 2D gravity in the conformal gauge, both classically and at the 
weakly coupled quantum level 0. However, a new set of local fields may be con- 
structed, which is consistent with the truncation theorems. Then the corresponding 
physics follows quite naturally, using methods very similar to the weak coupling 
ones. 

In ref . [|] we emphasized that the transition from weak to strong coupling may be 
characterized by a deconfinement of chirality. Indeed, in the weak coupling regime, 
the Liouville exponentials may be consistently restricted to the sector where left and 
right chiral components have the same Virasoro weight, so that we may say that chi- 
rality (of gravity) is confined. In this regime, the quantum numbers associated with 
each screening charge may take independent values. In the strong coupling regime, 
on the contrary, the reality condition forces us to link the quantum numbers associ- 
ated with the two screening charges, for each chirality. This is however incompatible 
with the equality between left and right weights, so that the (gravity) chirality fluc- 
tuates: it is deconfined. The main motivation to study the strongly coupled regime 
is of course the building of the (so called) non critical strings. Indeed, the balance of 
central charges prevents us from doing so in the weak coupling regime. The actual 
construction is still too complicated beyond the three point functions, but we have 
set up0, 1^ models — which we call topological since their only degrees of freedom 
are zero modes — where gravity is strongly coupled. We shall present details about 
their solution which were left out from ref.[Q. 

The article is organised as follows. In section 2 we derive the string susceptibility, 
drawing a parallel with the weak coupling calculation. In section 3, we study the 
three point functions of our topological models. It was derived earlier]^] only with 
the same screening choice for the three legs, but we need to treat the mixed case. 
Section 4 is devoted to the derivation of the N point function from the Ward identities 
generated by taking derivatives with respect to the strong-coupling cosmological 
constant. Using Mathematica, we derive irreducible irreducible vertices, up to six 

^Evidence that a similar mechanism is at work for W3 gravity are given in ref.[C|. 
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legs, which give a consistent perturbation theory up to sixth order. This is similar 
to earlier studies in the weak coupling regime ||I0| but we let the screening number 
fluctuate, contrary to this reference. Consistency of the perturbative expansion of 
the topological models leads us to counting rules for its relation with the Feynman 
path integrals, which could not be guessed a priori. However, at the end we verify 
that the same rules also hold in the weak coupling regime, if the screening numbers 
are allowed to fluctate. As a matter of fact, the two types of topological models (i.e. 
the continuous version of matrix models, and our new ones) are found to be very 
similar technically, although gravity and matter quantum numbers are entangled 
completely differently. 



2 The string susceptibility 

2.1 The weak coupling case revisited 

To begin with, we review the derivation in the weak coupling regime, following 
essentially ref.|^. We shall provide details left out previously which will shed light 
on the strong coupling case. In particular, it will be useful to draw a close parallel 
with the DDK argument. With our notations, the latter follows from the following^ 
effective action, with cosmological constant /^c, background metric g: 

"^iT^ = / dzdzJ^ig'^'OM^ + QlR^^^^ + /xce"-*}, (2.1) 

The two screening charges a± and Ql are related as usual: 

= 2, a- + a+ = QL, (2.2) 

and the Liouville central charge is such that 

Cl = 1 + SQl (2.3) 

For Cl > 25, a± are real; this is the weak coupling regime. For 25 > Cl > 1, a± are 
complex; this is the strong coupling situation which we want to study further in the 
present article. The Virasoro weight of the operator exp(— /?<!>) is Ag = —^P{P+Ql)- 
Recall the basic point of DDK. Consider the correlator 

/ Y[ e-PM^^-^i) \ = y i)0e^- n e-^*'^(^^'""^) , (2.4) 

is the number of handles. The notation is that $ is the Liouville operator, while 
is the c-number fleld that appears in the functional integral. The latter is unchanged 
if we change variable by letting = — ln(/ic)/a_. This gives 

^ ' fi, \ <^ 1 1 

^ The upper index "(w)" is to recall that this effective action is relevent to the weak coupling 
regime. 
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the last term comes from the hnear term of the action and the Gauss-Bonnet theorem 

j dzdzR^^^ = {l-un). (2.6) 

Now, we compare this procedure with the corresponding discussion in the operator 
method. There, the operator algebra of each chiral component has a quantum group 
symmetry^] of the type Ug{sl{2)) t^-(s/(2)), with 

The two quantum group parameters are related by 

/^/i = 7^^ h + h=^^^—^. (2.8) 

6 

The first relation shows that they are, in a sense, dual pairs. The above symbol 
has a special meaning which was much discussed before |Tl], ^ The Hilbert 
space of states is of course a direct sum of products of a left and a right Virasoro 
Verma modules. These are characterized by the eigenvalue of the rescaled zero- 
mode momenta ro, w of the Backlund free field with chiral components dii{x), 
•^lix) defined by writing on the cylinder, 

M^) = go + W + ^Ee-*"^-. ^=—Po- (2.9) 
A right Verma module is charaterized by the highest-weight eigenvalue 

A{VJ) = -^{wl-U7^), ZUo = l + y (2.10) 

of Lq, with similar formulae for the left Verma modules. For w = iroo, A van- 
ishes. This describes the two Sl{2, C) invariant states. In ref.[]^, it was shown that 
the transformation law Eq. |2.5| corresponds to the following definition for arbitrary 
cosmological constant: 

= /^^- /^c-/^-"^* /^f^. (2.11) 

From this it is easy to recover the standard results for Uh = 0, and 1. First, consider 
the sphere (z//j = 0). In the operator method, the left hand side of Eq.pl5| is given 
by 

/]-[g-/3,*(.„.,)\ _^^^_^^^Y[e-^f\wo,uJo > ■ (2.12) 

where the notation \wq,zuq > represents the state with left and right weights A = 
A = 0. Making use of Eq. |2.11| , we get 

/ TJ ^-0t^(^e,ze)\ ^ „ „ I , -ro/2 TT ^— ,,ro/2i „ ^ 



For recent developments in this connection see refs. 
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The contribution of the term Q^R^^^^ of the effective action is recovered when 
^±ro/2 ^Yie left and right vacuua, since, according to Eq.|2.2|, Q^/a^ = vjq, and 
the result follows for = 0. Next, for the torus = 1, one should take the trace 
in the Hilbert space: 



(1) 



Tr 



n- 



(2.13) 



Making again use of Eq. p.ll] , we now get 



(0) 



lie Tr 



Li' 
/ic 



-I3t^(zi,zi) 



(0) 



Thus, we get the same result without the term Ql/o--. This agrees with Eq.|2 
with z//i = 1. 

In order to compute the string susceptibilty, we next consider 



dzdze^-^ - A 



(2.14) 



It is clear, from the form of the /ic dependence of exp(— /3$) that, without entering 
into the detailed definition of the 5 function, we should have 
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J dzdzfi-^e^-"^ - A 



ro/2 



(2.15) 



Consider the sphere, one gets 

Z(°^-)(A) =< —zuq, —U7o\n~'^^'^5 J dzdzn~^e 



A 



ro/2| ^ 
/^c 1^0, ^0 > 



(1)' 



Assuming that for large area zj^^{A) ~ A'^'^tr ^]-^jg gives the well known result 



TT 



7str = 2 - Q/a- = 1 - -. 

h 



(2.16) 



A similar discussion also gives back the standard result for Uh = 1. 

Next we describe the cosmological dependence of the chiral components which is 
such that Eq. 2.11 holds. Our basic assumption will be that it remains the same for 
the strong coupling regime. Contact with the quantum group classification is made 
by letting 

p = a^J + a+J. (2.17) 
Then the corresponding local Liouville exponential operator is given by[0, Q 



(2.18) 



This form is dictated by locality and closure under fusion. The notation for the 
chiral operators refers to a particular normalization whose precise expression will 
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be needed later on. In ref. 0], it was remarked that Eg. 2. 11 is derivable from the 
following generalised Weyl transformation law 

mm (^) ' ' mm ' 

^mm{fi) - ^^ ^mm • {'^■^>^> 

Taking two different parameters /i and fl is only relevent for the strong coupling 
case. For the weak coupling one, the left and right quantum numbers are all equal 
(chirality is confined) so that in deriving Eq.^TTT], one only deals with the product 



H/j,. The previous discussion is immediately recovered with /i^ = fxfi. 
2.2 The strong coupling regime 

At this point we turn to the strong coupling regime. Now 1 < Cl < 25. The 
screening charges a± are complex and related by complex conjugation. Thus com- 
plex weights appear in general. The weight of a chiral operator V^"^"* is equal to 
A{wjj), with = tuq + 2J + 2Jtx /h. We shall denote by | J, J > the corre- 
sponding highest weight state. There are two types of exceptional cases such that 
the weights are real. These are the states | J, J > (resp. | — J — 1, J >), with 
negative (resp. positive) weights. One could try to work with the corresponding 
Liouville exponentials exp[— J(a_ — a+)$] (resp exp[((J+ l)a_ — «+)$]), but this 
would be inconsistent, since these operators do not form a closed set under fusing 
and braiding. Moreover, the chiral vertex operators are such that 

As a result, it follows from Eqs. p.lSj that Liouville exponential operators do not 



preserve the reality condition for highest weights just recalled. The basic problem is 
that Eq. |2.18| involves the V operators with arbitrary m m, while the reality condition 
forces us to only use V operators of the type 

y{J) ^ yi-J-lJ) y{J) ^ y{J,J) ,^ 91) 

''m,+ — ^ -mm ; ^m,- — ^ mm ■ K'^-'^^J 

Next recall that the truncation theorems hold for 

C = l + 6(s + 2), s = 0,±l. (2.22) 

For these values, there exists a closed chiral operator algebra restricted to the phys- 
ical Hilbert space 

l=ps oo 

"^phys = ^r/2(2Ts)+n/2 (2.23) 

r=0 n=— oo 

where denotes the Verma modules with highest weights | =F (<^+ 1/2) — 1/2, J >. 
The physical operators x±^ cire defined for arbitrary^ 2J G Z/{2 =1= s), and 2Ji G 
Z/{2ts). to be such that]] 

Xi'^^«±= E (-l)^^^^)(^-^^^'^(''^^^/^Vi.-:LP^±, (2.24) 

u=J+m€Z-f- 



^ By the symbol 2^/(2 ± s), we mean the set of numbers r/ (2 ± s) + n, with r — 0, • • •, 1 ± s, n 
integer; Z denotes the set of all positive or negative integers, including zero, 
denotes the set of non negative integers. 
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where is the projector on 7ij_^. According to the formulae previously recalled, 
their weights are, respectively, 

A-(J,Cz.) = -^^^J(J+l), A+(J,C^) = l + ^-^J(J+l). (2.25) 

D 

Note that the cases of positive and negative weights are completely separated opera- 
torially, eventhough we discuss them simultaneously to avoid repetitions. Moreover, 
the definition of is not symmetric between the two screening charges. For the 
left components, it is appropriate to make the other choice^ 

\ = V , ' = V . (2.26) 

m,+ —mm 5 ' m, — mm y^^.^v^y 



With this, one defines the left physical fields by a formula similar to Eq. |2.24| : 



= Yl (-l)('^^)('^^+^(^+^)/')F^^±P^±, (2.27) 



Since Eqs. p2.25| are invariant under J ^ — J — 1, we get the same formuale for the 
weights of the left physical operators just defined: 

A-(J,Cl) = -^^J(J+1), A+(J,Cz.) = 1 + ^^^7(7+1), (2.28) 

The particular way to define the left and right components just summarised has an- 
other motivation, which we stressed already before. Complex conjugation exchanges 

the two screening charges, so that the operators x+ \ ^^'^ X+'^ ^ire not hermitian. 
The present choice ensures that the amplitudes are nevertheless invariant under 
complex conjugation if we exchange left and right quantum numbers. 

Now we have enough recollection to turn back to the string susceptibility. As 
is well known, the basic tool of the weak coupling derivation, was the existence of 
the cosmological term exp(a_$), of weight (1,1), whose integral over z z defines 
the invariant area and may be added to the free field action (see Eq. p.lf ) without 
breaking conformal invariance. In the strong coupling regime, this cosmological 
term is not acceptable since it does not preserve the reality conditions. On the 
other hand, Eqs.g;2||2;2| are clearly such that A+{0, Cl) = A^(0,Cl) = 1. As we 
pointed out earlier, the corresponding operator 

V°'° = xfWxf(^-). (2.29) 

defines a new cosmological term and is local. Thus the area element of the strong 
coupling regime is x+ {z)x+\^)dzdz. It is factorized into a simple product of a 
single z component by a ^ component. The effective action Eq. p.l| should be mod- 
ified accordingly. However, it is reasonable to assume that the behaviour under 
global rescaling (global Weyl transformation) of the chiral components will remain 
essentially the same. Moreover, the reality condition recalled above led us[Q to take 
ft = jjL^/'^ , with /i real. According to Eq. |2.19| , this gives 

^^■J) - ,.-J-l+J-K/h-w/2 U) u,/2 
A+(^) — P H' X+ 

= ^^h/^-(J+i)^-^h/2^^(J)^^h/2._ (2.30) 



^ This is actually a notational convenience, since clearly the two choices are exchanged by letting 
J-^ -J -I 
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For the cosmological term this gives 



i;0,0 _ , -1, -(ro+roV7r)/4 i;0,0 {zu+Wh/Tv 



)/4 



(2.31) 



(Mc) ~ Pc "(1) 

where we have let fic = f^'^, so that the overall factor becomes fi~^ as it should. From 
there, the computation of the string susceptibility, already summarised in ref. goes 
as follows. Consider, now the expectations values similar to Eq. |2.14 



(2.32) 



At this time, we only have the operator method at our disposal, so that we may 
define the right hand side only for = 0, and z//i = 1 as, respectively. 



Til 6 



-tuo\S 



dzdzV 



A 



\zUo, Wq >, 



A 



[2.33) 



Again we shall not need the detailed definition of the delta function. Only the Weyl 
tramsformation, analogous to Eqp.l5| will matter, that is 



dzdzV 



A 



(Me) 



-{ro+ro/i/7r)/4 ^ 



dzdzfi-^V°'° - A 



(1) 



(ro+roh/7r)/4 



(2.34) 

From there on the calculation proceeds exactly as in the weak coupling regime, and 
we shall not repeat it . The basic point is that the factors ^±(^+^'^/'r)/4 give real 
eigenvalues when they hit the left or right vacua, since zuo{l + h/n) = {Cl — l)/6. 
This is contrast with the weak coupling factors [i^'^l'^ that would give complex result 
here. It came out from our choice of /i, /i, which therefore ensures the reality of the 
string susceptibility. For Uh = one finds 7g^j. = (2 — s)/2. Comments about this 
result were given in ref.pl. 



3 The three-point functions 

3.1 The gravity coupling constants revisited 

The Verma modules of gravity are conveniently characterized by the eigenvalue of 
the rescaled momentum w. The spectrum of eigenvalue is of the form zUj j = 

+ 2J + 2J7!-/h. The starting point to derive the three-point functions is the 
expression [Q of the matrix element of the V fields recalled above between such 
highest weight states. It is convenient to rewrite it under the form 



< — WslK^ -"^^^ |ci72 >= 57„_ 7,_m ^7 7 ^ nQ 



with 



TT - 

Wi = zuq + 2Jj + 2— Jj, i = 1, 2, 3; 

h 

IT 1 

+ = -{zoi + W2 + tos - wq) = ly"" (3.2) 
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The (yf's are called coupling constants. Each factor H^-^{w) was shown to be ex- 
pressible as a sum over path. It is convenient to write it under the form (with 
w = roo + 2J + 2Jf) 



h 



-(l/4+J)u 



TT 



ZU 

w — v'^ 



(3.3) 



In general we define the symbol jj^^, 
positive integers, as the following 



for 5^ - A" = z/" 

of factors along a general path 



+ with z/ and V 





Ri-l/2 



e+i 



TT 

2h 



(3.4) 



where the product is taken along any path going from to with intermediate 
points R\, such that 



h 



0, ±1, e, 



0, ±1, 



0; 



i?0 



B' 



R'p 



pe pe 



■ TT 



-R^ + -tRe 

h 



(3.5) 



Note that we shall always be in the case where Ri and Ri are rational, while ^ 
is not. Thus the last equation is unambiguous. We shall not bother about the 
precise choice of sheet for square root of gamma functions. It should be specified 
according to ref.0. It is not important since it will only appear in the final leg 
factors. This product does not depend upon the choice of pathQ. Up to the factor 
we have put in front of Eq. |3.3| it coincides with the one introduced in refs.0], |[TT |. 
One may visualise the path as made up with segments of coordinates e^, e^, 
starting from the point specified by Using the fact that e^e^ = 0, one may 

rewrite the factors (— vr/Zi)'^*"^^^, and {—h/T:)^'~^^'^ may be rewritten, respectively 

as (— vr/Zi)''^^''''^*'''^"^''^^, and (— /i/vr)'^^^'^'^*'''^"^'''^^, so that our definition only involves 
the midpoints {R1 + -R|_|_^)/2 of each segment. It is easy to verify that we have the 
composition law 

(3.6) 

So far, we assumed that v and v are positive integers. This last relation allows us to 
extend the definition to arbitrary signs. Next, it is useful to use the fact that F(^z) 
satisfies the relation F(\ — z) = (-F(2;))~^ to derive the identity 



■\B^- 










A^ 




B^ 




A^ 



A 



1 + f 
1 + ? 



B^ 
A^ 



(3.7) 



This may be seen, in particular, by making use of rcf.[[y 
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Returning to Eq.3.1, one finds that it may be written as 



-r 



h) 



ZUi — 



^2 
W2 - 



073 - 







(3i 



The last term has been retransformed using Eq.3]7 so that it takes the same form 
as the other three with to = 0. Letting = 0, we may thus write compactly 



-1 



i=l 



h 



ZUi — u'^ 



(3.9) 



3.2 The dressings 

3.2.1 The weak coupling case 

In the weak coupling regime, one represents]^ matter by another copy of the Li- 
ouville theory with a different central charge. Following our previous works the 
symbols pertaining to matter are noted with a prime (or, if convenient, with an 
index M). The relations between matter and gravity parameters are 
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Ca/ = 26 — Cl, h/n = —n/h', a'_> 
One constructs local fields in analogy with Eq. p.l8| : 

mm ^ ' mm ^ ' 

m, m 



(3.10) 



(3.11) 



$'(2, z) is the matter field (it commutes with $(2;, z)\ There are two possible dress- 
ing of these operators by gravity such that the total weights are A = A = 1. The 
first is achieved by considering the vertex operators 



-((-J' - l)a_ + J'a+)^ - {J'a'_ + J'a'^)<^' 



(3.12) 



In particular for J' = J' = 0, we get the cosmological term exp(a_$). For the 



associated Liouville zero modes, this means that 'cUjj 
of dressing leads to the operators 



-w'j^ The other choice 



conj 



-(J'a_ - (J' + l)a+)$ - {J'a'_ + J'a'+)^' 



(3.13) 



3.2.2 The strong coupling case 

We consider another copy of the strongly coupled theory, with central charge Cm = 
26 — Cl- Since this gives Cm = 1 + 6(— s + 2), we are also at the special values, 
and the truncation theorems applies to matter as well. This "string theory" has no 
transverse degree of freedom, and is thus topological. The complete dressed vertex 
operator are now 

V''^ = xr€''x''f't'I\ (3.14) 

Vif = (3.15) 

As in the weak coupling formula, operators relative to matter are distinguished by 
a prime. The gravity part is taken to have positive weights so that it includes the 
cosmological term. 
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3.3 The matter coupling constants revisited 



It is convenient to define symbols 



related to matter, similar to II II • Let 




jD'e I p/e 



h!_ 
2n 



4/2 



X 



nH-1 F 

1=0 



TT 



e+i 



IT 

2h/ 



(3.16) 



It is the direct analogue of Eq.|3.5|, apart from a simple modification, namely, 



we put the factors {ir/h 



and {h'/n 



instead of (— vr/Zi' 



and 



(— /i'/tt)^'^"^^^. As we alradry know[^ ^ tremendous simplifications occur when 
gravity and matter are put together. Our definitions are such that this appears 
neatly the level of the product symbols. Indeed, let us derive the following basic 
relations 



A'- 



1 + IN' 
1 + f 5- 



f(l-A-) 



B' 



(3.17) 



The equality between the last two expressions is a direct consequence of Eq.^?^. In 
order to derive the first equality, one transforms the first line of Eq. p.l6| by writing 

-1 



p'e I p/e 



2^ 



1 - 



+ R' 



TC 

2h 



Let us define the associated path in Liouville theory by Rl 

second term becomes the inverse of the Liouville factor F 
other hand, an easy calculation shows that for the other F we have 



1 — R'1, so that the 
On the 



2h 



TDle I p/e 



TT 

2h' 



h 

2^ 



It follows from the relations given above that Ri = 1 — R'^, and Rg = R'^. Therefore 
the associated path of gravity is such that = e^, = — e^. This allows to verify 
that all the other factors also match, and Eq. p.l7| follows. □ 
Finally, the matter coupling is given by 



u'+u' 



(3.18) 



3.4 The leg factors 

In this part, we rediscuss the simplifications that occur when gravity and matter 
are put together at the most basic level, that is, when the coupling constants are 
multiplied. As originally discussed in 0, and as we just saw, the dressing conditions 
have a simple expression in terms of the cc's, namely, one must have w' = ±ro. The 
two choices of sign corresponds to the two possible screening charges, and are treated 
much in the same way. There are in fact only two really different situations, the first 
when one takes the same dressing condition on all three legs — this is the case we 
have considered in our previous works — and the second when one of the screening 
charges is of the opposite type. Let us discuss them in turn. 
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3.4.1 The same choice for every legs 



This situation was discussed at length before. We return to it briefly as a preparation 
for the mixed screening choice. First consider the case where = Wi = ^'coi- Note 
that, since by deflnition Ct74 = 0, the same screening condition holds (trivially) for 
i = A. Applying the formulae given above one finds that u^' = ^(i/^ + 1), and 



Wi - V 
ZUi + 1 



Making use of Eq.lXB this leads to 



■r—i' l/B' 



-UJj — 



Wi + 1 



7]-^^2J,+l/2 

~h 



F[wi 



-1/2 



Altogether, we get a product of leg factors 



aw\VJ2^ roiro2 



2u-l 



h 

TT 



2u 



i=i dF^i 



n 



(3.19) 



The other screening condition w'i = —-Wi is treated similarly, obtaining 



1)^ 



h) 



n 



F\wi 



(3.20) 



3.4.2 The mixed case 



The coupling constant (y'"^^ is completely symmetric and, by relabelling, we may 
always choose the third leg to be the one which differs from the others. Again there 
are two cases. First choose w[ = ^Wi for i = 1, 2, and w'^ = —^w^. The relation 
between and u^' may be written as u'^' = ^{u^ — -073 + 1). A simple modification 
of a calculation performed above then gives, for i = 1, 2, 



w'i - v"" 



Wi 



Wi — v"" 



Wi — ^ W^ -ft-^ Wi 
Wi + 1 Wi — 



1> Wi 
Wi + 1 



Wi — Z/^ + CC3 
Wi — 



(3.21) 



where we have used the multiplication law Eq. p.6| . For i = 3, we write instead 
v^' = —^i^^ — 1 + ^(^1 + ^2)- One now gets 



Wn 



Wn 



W3-U 
W3 



W3 



W3 - U'' + Wi + W2- 
W3 - W 



(3.22) 



The last term in Eq. |3.8| may be treated in the same way as the third, and the result 
is given by the last equation with 073 ^ 0. Altogether, one gets 



2(J3-Jl-J2) + 1 



1 



1 



1 



F[0] jF[wi] JF[W2] JF[W: 



-.. (3.23) 
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When one performes the computation, one first arrives at the right hand side mul- 
tiphed by the factor 



rui + — 

Wi — 



072 - V"" 



W3 - 



Making use of Eq. p.l7| , one may verify that it is equal to one, thereby completing 
the derivation. Thus in this case also the result is a product of leg factors. A similar 
calculation allows us to deal with the other choice, obtaining 



2iJ3-Jl-J2) + l 



h 

71 



1 



1 



F[0] ^F[zu,] ^F[zu2] ^F[w,] 

(3.24) 



3.5 The three point functions. 

The computation makes use of the relations just derived for the coupling constants. 

Let us first consider the weak coupling case for comparison. One gets with the 
same screening on every leg^ : 

(n>v«)-(A-/74)^-fMnFf;a (3.25) 

In the weak coupling regime with one different screening, one gets 



Next consider the strong coupling case. First, in order to make contact with our 
previous work[0 let us consider the completely symmetric case 

Next we shall rather make use of the non symmetric three-point function 

2 



£=1 



m JF[^',]F[^',] t=\ JF\to']F0, 



n / (3.29) 



All the expressions of coupling constants we have obtained involve a factor 1/F{0) 
which is divergent. We drop it from now on, since it may be reabsorbed by an overall 
change of the normalization of the three point functions which will not matter for 
the forthcoming discussion. 

^up to separate multiplicative factors on each leg which we drop. See refs.jQ, for detailed 
computations of these factors, in some cases. 
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4 N-point functions 



4.1 Strong coupling regime 



As shown in ref. |]T0[, and as we will recall below, the key tools in deriving the higher 
point functions of the weak coupling regime are the Ward identities which may be 
derived from the path integral formulation Eq.^]^, by taking derivatives with respect 
to the cosmological constant /ic. In so doing, the details of the effective action are 
not important. One only uses the fact that the dependence upon this parameter in 
Eq.^]4| is entirely contained — by definition — in the last term of . In the strong 
coupling regime another cosmological term (V°'°) appears, and it is reasonable to 
assume that the higher point functions will be determined from the associated ward 
identities. In this case, however, the vertex operators create and destroy gravity 
chirality, so that the effective action cannot be constructed out of an ordinary world 
sheet boson. It should rather involve two independent chiral bosons with opposite 
chiralities. We leave its derivation for further studies, since its explicit form does 
not matter so much at present. We only assume that this theory can be described 
by an effective action including the new cosmological term: 



= 5o+/ie/v°'° (4.1) 

where the action 5*0 does not depend on the cosmological constant /ic. So, we 
consider N-point correlators 



where the integral sign stands for the functional integration and the integration over 
the position of the insertion points. For notational simplicity we drop the primes 
of the spins appearing in the vertex operators. As before, making use of Eq. p.30 
derives the scaling law of these correlators: 



one 



with 



= P(J„ J,,) = ^[a'M^ + + a'^J, + ^)]. (4.4) 

Derivation with respect to the cosmological constant of these A^ point functions gives 
A^ + 1 point functions with one external momentum put to zero: 

d 



y--'i-l>--'i-ly-'2, J2 yJjv,J^]v\ _ /y->^i-l>-"'i-ly-'2,J2 yJjv,J^jvyO,0 \ (4 5) 



conj 



If this model can indeed be described by such an effective action, its perturbative 
expansion must yield Feynman rules. We already computed the three point vertices 
previously and we represent it graphically with an outgoing momentum for the leg 
(Ji,Ji): 




(4.6) 
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with 



7-conj 

^J,7 



1 

;i-^)(l + 2J)] F([(l-f)(l + 27)]) 
1 



;i-f)(i+2j) 



;i-^)(i+2j) ) 



(4.7) 
(4.8) 



from previous sections. The particular three-point function 



(4.9) 



is the derivative of the two point function. This allows us to compute it by taking 
the primitive and get 



V, 



- Ji— 1,— Ji— 1-11 Ji,ji 



conj 



1 



2R 



2Pi rconj j _ 



(4.10) 



by using that Lo,o = 1, which can be checked for every special valueQ Cl = 7, 13, 19. 
For amplitudes with truncated external legs, such a two point function is the inverse 
of the propagator, and its value is consequently given by|3 



-2Pi 



1,1 

1 " 1 



/^conj r 



(4.11) 



On the other hand, by taking derivatives, one gets higher order correlators. The 
derivatives of the three point functions yields four point functions with one external 
moment put to zero. However, the iV-point functions should be symmetric in their 
N legs when expressed in terms of the variables we are using, (this is true for = 3) 
and we get by symmetrisation the generic four-point function 



V, 



-Ji-i,-Ji-i 

conj 



Qm 



aiiJi + J2 + J3 + J^ + l) + a+(Ji + J2 + J3 + J4 + I) 



(4.12) 



If we believe in this effective action description, it must yield Feynman rules by 
perturbative expansion. This total four point function [4.12| can therefore be obtained 
from the following diagrams 





+ 




+ 




(4.13) 



the last one being the one particule irreducible amplitude. It is clear on this example 
that, by choosing one incoming and — 1 outgoing momenta, we have consistently 



^°This property is again very specific to these central charges. 

^^We rescaled by an unexplained factor (1/2) which will turn out necessary so that the Feynman 



rules match with the derivation ones. 
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restricted ourselves to Feynman rules which only involve one particle irreducible 
vertices of the same type. Our purpose here is to get those one particule irreducible 
vertices, which are the basic ingredients of the theory. To do this, we shall substract 
from the total four point function [4.12| the first three diagrams of |4.13| which we shall 



compute from the previous Feynman rules (the propagator |4.11| and the vertices ^ 
with their selection rules[3). 

Let us figure out what shall give such a computation. In a diagram of the type 




(4.14) 

and in any diagram, it can easily be verified that the leg factors coming from the 
propagators and the ones coming from the vertices cancel out. There only remains 
the leg factors attached to the external legs and we will consequently stop writing 
them down[5 So, the value of such a diagram is essentially given by the momentum 
P( J, J) given in O coming from the propagator 4.11 for Jj = J, Ji = J. We can then 
easily imagine that the sum of three such diagrams (see [4.13| ) can give something 
not very different from the total four point function |4.12| , and hence by difference a 
quite simple four point one particule irreducible function. 

However, it does not work this way. Due to the screening charges, or equivalently 
to the selection rules of the three point functions, the momentum is not conserved. 
In terms of spins, it means that in the previous diagram one can have J = J3 + J4 — z/2 
and J = J3 + J4 — z/2 where 1^2 and z/2 are the number of screening charges attached 
to the second vertex (right hand side). These numbers can be any positive integers 
provided they do not exceed the total number of screening charges u — 0/2 -l~ 0/3 -f- — 
Ji, z/ = J2 + <^3 + "^4 — (this stems from the selection rules for the first vertex). 
And so, the only consistent way to proceed is to sum over all the possible internal 



momenta or spins (J, J). So, the value of the diagram [4.14| will be 



1/2=0 1^2=0 



'J3 + JA-iy + ^) + «;( J3 + ^4 - z> + ^)]. 



(4.15) 



We notice that these selection rules give arithmetic progressions for the spins J and 
J and that the propagator is linear in these spins. It is hence clear that such a 
sum shall yield an overall (combinatorial) factor equal to the number of terms in it 
((z/ + l)(z/ + 1) in this case). It can be verified on each case. As a consequence the 



summation of the first three diagrams of [4.13| over their possible internal momenta 
will not give something close to the value of the total four point function |4.12| , as 
they include this extra combinatorial factor. We then conclude that the right value 
of the total four point function should include this factor. We consequently define 
the physical point amphtudes by 



( u+N-?,\ ( v+N-i\ 
\N-Z ) \N-Z ) 



•^conj •■■ y 



(4.16) 



Of the type Ji + J2 — J12 integer... 
We shall moreover only write formulae for /ic 
well known. 



1 as the general dependency in /ic = 1 is now 
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The combinatorial factors of the type 'pi^ are the number of ways of placing 
screening charges on the N — 2 vertices of a point function]^. 



Of course, this modifies the derivation rule ^]5| in the following way: 
'v + N -2\ fv + N -2\ d 



N-2 J \ N-2 J dfic ' ^''•^^ 
which gives now for the four point function^ 



^'^y^A\^l. ((J,, J,), {J,, J2)...(J^, J^)) , (4.17) 




P^^^A^l. f ( Ji, Ji), ( J2, J2), ( J3, J3), ( ^4, Ja, 



[u + l){u + l)x 



a'_{Ji + J2 + J3 + Ji + l) + a+(^i + J2 + ^3 + -'■4 + 1; 



(4.18) 



which differs from [4.12| by the simple factor (z/ + l)(z/ + 1). 

Substracting from this total four point function the first three reducible diagrams 



of [4.13| , which are given by sums of the type |4.15| , one gets the one particle irreducible 
correlator 




lP/4(4) 



(("^1) -^1)) J2), {Jsj {Ja, Ji, 



:2+s) + 



Q 



M 



(4.19) 



which does not depend on the momenta. 

It works similarly for the higher order correlators, with a very quickly growing 
complexity however. First of all, every diagram gets more complicated: instead of 
the double sum |4.15| the point diagrams may include 2(A^ — 3) nested sums. Then, 
the number of diagrams go from 4 diagrams with 2 different skeletons for the four 
point function (cf |4.13| ) to 26 diagrams of 5 different (oriented) skeleton^ for the 
five point function, that we represent here:[^ 




(4.20) 



This can be obtained by developping in x the expression (1 



N-2 



1/(1-0:) 



N-2 



Its cocfBcient of order v is {N — 2){N — l)...(iV + — 3)/i^!, which is equal to the number of choices 
( 5v*^^^^)- remarquablc that it may be expressed as a number of choices of — 3 (or v) objects 
among v + N — however we have no interpretati on o f it by now. 

It is easy to see that the new derivation rule 1.17 does not change anything to our previous 
computation of the two point function from the three point one, as the number of screenings is 
zero in that case. 

We say here that two Feynman diagrams have the same oriented skeleton if they can be 
"superposed" so that the arrows coincide. So, the diagrams with the same oriented skeleton are 
obtained by exchanging the iV — 1 incoming legs (J2, - -Jn)- The exchange with the outgoing leg 
Ji gives a different oriented skeleton and leads to different computations because of the different 
selection rules and directions of internal arrows (first and second diagrams of 4.20 for instance). 
^^We only draw the five oriented skeletons. 
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to 236 diagrams with 12 different oriented skeletons at six points, 2752 diagrams 
with 34 slceletons at seven points... The five point function seems already almost 
out of reach of human computationnal capabilities. This is why we used a computer 
and the "Mathematica" program for symbohc calculation. We defined an oriented 
diagram as a tree of which root is the outgoing momentum. We generated all of 
them recursively, keeping only one diagram with each different skeleton in order 
to speed up computation. Each of them was then computed recursively, the result 
being given by multiple sums. They could be computed thanks to appropriate rules 
for simplification and computation of sums. And we eventually obtained all the 
diagrams by symmetrising each diagram with a given skeleton. We were able to do 
that up to the six point functions, which already required some hours of CPU time. 
The one particule irreducible five and six point correlators were then obtained by 
difference between the total correlators and these reducible diagrams. We got for 
the five point function: 

'''^'Ip) ((>^1'^i)' (>^2,J2), (J3, J3), (J4, J4), (J5,J5)) 

= (r')(r)(^^'n^,^)-E(^.)^) (4.21) 
where B^^\u, u) is the following polynomial of degree 2 in i/, i> 

B^^\u, P) = 2 + 2a+ + 2a_ + a+ + 2a+a_ + cn^ 

± = ±_ + ^ Y ^ \ ± (4.22) 

3 3 12 12 4 4 9 ^ ' 

with a± = QuOij^l^, 

and for the six point function 

^^^^fi!,v) ((-^i' -^i)' ("^2, J2), {J3, J3), {J4, J4), {J5, Jb), {Je, Je)) = 

3 ^ 6 



B('\u, P) + - ((2 + s)- a^v - a+P) ( ^^(P, 



1=1 / 



(4.23) 



where 2 + s comes from 4 + 2a_ + 2a+, with 

^(6) (y^ P) = — f-96 - 144 a+ - 140 a\ - 46 a!. - 144 a_ - 280 a+ a_ - 138 a\ a_ 

-140 a\ - 138 a+ a\ - 46 + 104 a_ i/ + 18 a+ a_ + a_ i/ + 114 a\ v 
+42 a+ i/ + 49 i/ - 28 a!, + 6 a+ a!. - 16 ai + 2 ai i/^ + 104 a+ P + 1 14 a+ P 
+49 a_,_ P+18 a+ a_ P+42 a_,_ a_ P+a+ a_ P— 104 a+ a_ v P— 36 a_,_ a_ i/P— 36 a+ a_ i/P 

+17 a+ p - 28 a\ P^ - 16 ai^ P^ + 6 a\ a_ P^ + 17a^ a_ i/P^ + 2 a\ P^) . 

(4.24) 

The polynomials B^^^ and B^^^ are rather complicated and by now we have no 
interpretation of them. On the other hand, the way these irreducible correlation 
functions depend on the momenta is particularly interesting. First, they are sym- 
metric in all of their legs, including the outgoing one, which is not the case of the 
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reducible diagram. Second, they are symmetric under the exchange of Pi into —Pi 
(or equivalently Jj, Jj into — Jj — 1, — Jj — 1), as we only have even powers of the 
momenta (0 or 2). This is necessary to have a really symmetric correlator as one leg 
is outgoing (this was not true for the total correlators, see [4.18| e.g.). This feature 
was already noticed in the weak coupling regime |jTO|, where higher order correlators 
where computed at c = 1 in the case without screening charges (for matter). It was 
obtained there that the irreducible N point functions only depend on momenta at 
even power 2 Int((iV — 3)/2), which is similar to the present results in the strong 
coupling regime in the case with screenings. This symmetry of the irreducible cor- 
relation functions seems to be a good check of consistency of this description by an 
effective action. 



4.2 Weak coupling regime 

We draw a parallel with the case of weak coupling in order to show that many 
things in the previous derivation are not specific to the strong coupling regime. 
Similarly, we use two copies of the construction of the weak coupling regime, one for 
matter and the other for gravity, and get the dressed operators already introduced 
in Eqs. |3.12|J3.13| . One knows from the so-called Seiberg bound that this second type 



of dressing is to be chosen only for negative momenta of matter, and this is why we 
reverse the spins in the "conj" operators. This was discussed in details in ref. ||1CI||, 



and it was shown there that the integral representations give non vanishing results 
only for one negative momentum, the others being positive. We shall simply follow 
this guide here and not go through the whole discussion as our main purpose is 
simply to show that many aspects of the previous derivations were not specific of 
the strong coupling regime. So we only consider (at least in a first step) correlators 
of the type 

(>Veoj"^'"-^'"^W^^'^^..W'^'^'^^\ . (4.25) 

\ / Ur 



Their scaling law was computed in Eq. |2.5| and may be rewritten 

,E.Q--(f-i)(i+f) 



(w,;J"''"^^"'>V-'2'^^..W-^^'^'^\ -/i?"^" '^^'^'^^ (4.26) 

\ / Ur 



with 



The three point functions are obtained from previous computations and are equal 
to one, up to (different) leg factors: 

X, , J, 



yy- Jl-l - Jl-lyyJa, JayyJa.JsX JjJi 
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with 

M,c-= ^, M™iJj = L — J—. (4.29) 

^"^ F(l + 2J+fJ) -^'-^ F(1 + 2J+^J) 

From the particular three point function with one momentum put to zero, one de- 
duces the two point function by integration. The propagator is given by its inversef^ 
and is again given by the moment: 

J ,J. 

P^.XJ^J^)=Q^= (4.30) 

where from now on we omit the leg factors and the /ic dependence. 

All these derivations seem really similar to the ones performed in the case of 
strong coupling. And it is actually possible to show that, up to some correpondance, 
all the diagrammatic computations are equivalent. Although the underlying physics 
is completely different the following correspondence 

Ji - J. (4-31) 

Pi ^ Qi 

a_ = QAia'^/i -1 

a+ = (5Af«+/4 — 7r//i = a^/2 = p 

relates both diagramatics. This can easily be checked for the dependence in Hc 
(Eqs. |4.3| and ^4.26| respectively]^, for the momenta (Eqs.^j^ and |4.27| ), for the three 
point function (Eqs. |4.(j| and |4.2(j| respectively), and for the propagators (Eqs. [4.1I 



and [4.301) . Consequently the higher order correlators and diagrams obtained either 



by derivation or from these Feynman rules obey the same correspondence. So we get 
immediately the one particule irreducible correlators of the weak coupling regime by 
replacing Jj, a_, a+ by Jj, — 1, p repectively. The four point one particule irreducible 
amplitude is now given by 




lP/^(4) 



Jl, Jl)i {^2, J2), {J3, Js), {Ja-, Ji) 



(z/ + l)(P+l)-(-l-p-i/ + pP) 



(4.32) 



where it was used that the first term in 4.19 comes from — (2+s)/4 = — 1 + (2— s)/4 
— 1 — (a_ + a+)/2 which gives via the correspondence —1 — ((—1) + {'n-/h))/2 
— (1 + 7T/h)/2 = —(1 + p)/2. The five point function is 

i^^aJ^;^ ((Ji, Ji), (J2, J2), (J3, J3), (^4, 1), (J5, J5)) 

2+(-l) + (7r//i) = l + Tr/h. 



^^\Jp to a factor 1/2 here again 

19 Using (2 + s)/2 = 2 - (2 - s)/2 = 2 + a_ + a+ 
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i=l 



with now 



B^^Hv, z/) = l + p^H ^ ^- h 

^ ' ' ^ ^ A A 3 12 9 4 

and for the six point function 

^^^■^(^!^) (^"^1' "^i)' ^"^2, </2), (-/s, J^)-, {Ji-, Ji), {J5, J5), {Jq, Jq) 



(4.33) 



(4.34) 



i/+3 
3 



5(6)(^,p) + _(2 + 2p + z/-pP)(5:(Q,, 



(4.35) 



with 



B^^^ (u, u) = — f-46 - 2 p - 2 p^ - 46 p^ - 39 z/ + 24 p z/ - p^ z/ - 12 z/^ + 6 p z/2 
16 ^ 



-2 z/3 + 87 p P + 72 p2 P + 49 p^ P + 68 p z/ P + 36 p2 z/ P 
17 p z/2 P - 34 p2 p2 - 16 p3 p2 - 17 p2 z/ p2 + 2 p^ P 



(4.36) 

The case without screenings in the case c = 1 (thus p = 1) was computed in 
ref.|]lO| (Appendix B). The restriction of the previous formulae to this case yields 

(( Ji, Ji), ( J2, J2), ( Js, Js), ( J4, J4)) = -1, (4.37) 
i^^^l^l^ ((Ji, Ji), (J2, J2), (J3, J3), (J4, J4), (Js, Js)) = 2 - j^iQi? (4.38) 



1=1 



with Qi = Ji — Ji in this case, and 



'""'AfJ^^ {{Ju Ji), {J2, J2), (J3, J3), (J4, J4), (J5, J5), (Je, Je)) = -6 + 6 J^iQ 



i=l 



(4.39) 

The correspondence with the results of ref.[^ (Eqs.B.l, B.2) is immediate as the 
momenta ki they use are related to ours by ki = \/2Qi in the case c = 1. 



5 Outlook 

The general conclusion of the present study is that the strong coupling physics is 
governed by the new cosmological term, very much the way the weak coupling arises 
from the standard Liouville theory. Of course a better understanding of the strong 
coupling physics just described is needed. In particular one would like to reach a 
geometrical understanding of our new cosmological term and of its associated area 
element. A basic point is the deconfinement of chirality whose world sheet meaning 
is still mysterious. One way to gain insight would be to study our topological models, 
and their descriptions of the DDK type which should include a pair of chiral bosons 
of opposite chiralities instead of the Liouville field. Our Feynman perturbation 
involves novel features as compared with the previous discussion of ref . , but we 



showed that they also appear in the weak coupling regime, once we let the screening 



numbers fluctuate, contrary to ref.[0. We may expect progress in the future. 
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